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We investigate the relaxation of two collective spins in double domain system, which are individually cou-
pled to a single bosonic reservoir, by varying the total number of spins in each domain and their initial spin
configurations. A particularly interesting situation occurs when the spin domains are set in an antiparallel con-
figuration. Further for an unbalanced configuration where the number of spins are in the excited state initially
is much greater than that in the ground state, the spin ensemble prepared in the ground state relaxes towards a
negative-temperature state.
PACS numbers: 42.50.Nn, 76.60.-k
Introduction.— In recent years, the hybridization of quan-
tum systems has become a key technique to design and
demonstrate novel quantum behaviors [1–3]. With the rapid
progress in quantum coherent manipulation, hybrid quantum
systems have now entered the regime where we can observe
unexpected or rather counterintuitive behavior even in the
presence of imperfections and noise [4–7]. Such hybrid sys-
tems have not only shown the capability to achieve supe-
rior properties each individual system alone cannot achieve
[5, 8], but they also shred light on the fundamental complex-
ity of such quantum systems including coupling structures and
decoherence mechanisms [9]. Currently a number of such
hybrid systems have been proposed (and realized in some
cases) with various elements coming from atomic molecular
& optical systems to solid-state systems. Example include
for instance, trapped ions [10], optical cavities & resonators
[11, 12], electron and nuclear spin ensembles in quantum dots
(QD) or nitrogen-vacancy centers in diamond [13–15], super-
conducting circuits in quantum electrodynamic systems [2]
and mechanical resonators [15, 16]. This large diversity of
component systems really allows one to explore the unique
space hybridization potentially allows.
Our focus in this letter will be on collective coherent be-
havior in such hybrid spin systems. Coherent collective cou-
pling was originally proposed in quantum optics with one no-
table example being the superradiant decay of a spin ensem-
ble collectively coupled with an optical mode [17, 18]. More
recently squeezing of a spin ensemble via collective deco-
herence has been proposed [19]. When those spins couple
collectively with a bosonic reservoir, the spin dynamics dra-
matically changes from those driven by individual spin-boson
coupling. Typically investigations of such collective behavior
have focused on single spin ensembles, primarily as they are
theoretically more tractable and easier to experimentally re-
alize. Here we examine a hybrid system of a spin ensemble
and a bosonic reservoir beyond this regime. This is achieved
by introducing spin domains in the ensemble. Spin domains
allows one to partition the ensemble into distinct non inter-
acting components that yet still couple to the same bosonic
reservoir. Hybrid systems with multiple domains are being
realized experimentally, for instance a nuclear spin ensem-
ble in a semiconductor materials can couple with the Nambu-
Goldstone bosonic mode in the quantum Hall regime [20–22].
Our illustrative hybrid system is schematically depicted in
Fig. 1 as an ensemble of spin-1/2 particles coupled to a single
bosonic reservoir. The ensemble is decomposed into two in-
dependent domains, each characterized by its initial state. In
our investigation here, we focus on the dynamics of the double
domain system, however want to note that the analysis can be
easily expanded to multi-domain systems. We explore the dy-
namics of these double domain system to show that collective
quantum phenomena, such as superradiant decay in a domain
as well as in the total system. Further we show that the relax-
ation of a domain to a negative temperature is possible.
Modelling.— Let us now turn our attention to a mathemat-
ical description of this hybrid system and our modeling of it.
As mentioned earlier, our total ensemble (as shown in Fig.
1) is divided into two spin domains labeled as domain D1
and D2. Each domain D1(2) contains N1(2) 1/2-spins with
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FIG. 1. Schematic representation of a double spin domain system
coupled to a single reservoir. Here we denote the first spin domain
containing N1 spins as D1 where the spins are shown as red arrows,
the second spin domain 2 with N2 spins is labelled as D2 with the
spins represented by the blue arrows. In both domains, each spin cou-
ples with the bosonic reservoir (at temperature T ) with the coupling
constant g.
2the same frequency ωs. In each domain all spins are initially
aligned in the same direction either upwards or downwards
along the Z-axis. The spins are not in the symmetric state of
the whole system (double domain) but are for each individual
domain. Thus we can regard the domain D1(2) as collective
spin J1(2) whose spin magnitude is N1(2)/2. Next, the spins
in domains D1 and D2 couple with the bosonic reservoir with
a coupling constant g. We further assume that the spin domain
size is much smaller than the wavelength to ensure the unifor-
mity of the coupling in terms of both amplitude and phase.
We can now describe our overall system (two domains and
the reservoir) by the Hamiltonian
H = ~ωs(J
z
1 + J
z
2 ) +
∫
ddk Ekr
†
k
rk
+
~g
2
[
(J+1 + J
+
2 )R+ (J
−
1 + J
−
2 )R
†
]
, (1)
where the first term represents the free energy of the two
domains (a = 1, 2 represents the first and second domain
respectively) with Jx,y,za being the usual x, y, z collective
spin operators, d is the spatial dimension of the system, and
k = (k1, . . . , kd) the wave vector of the reservoir. The raising
(lowering) operators of these collective spins are defined by
J±a = J
x
a ± iJ
y
a . Next the second Hamiltonian term repre-
sents the free energy of the reservoir where Ek is the linear
dispersion relation of the reservoir with rk(r†k) it’s annihila-
tion (creation) operator satisfying the commutation relation
[rk, r
†
k′
] = δ(k−k′). The final Hamiltonian terms represents
the coupling of the strength g between the two domains and
the reservoir where R =
∫
ddkκkrk with κk being a contin-
uous function of k whose exact form depends on the system
under consideration.
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FIG. 2. The collective spin relaxations for balanced number con-
figurations. The red curves are the relaxations for Jz1 while blue
curves are for Jz2 . The dotted green curves are the relaxations un-
der the initial state where both the spins in D1 and D2 are in the
excited states. (a) Zero-temperature result for N1 = N2 = 10. (b)
Finite-temperature T = 400 mK results for N1 = N2 = 10. (c)
Zero-temperature result for N1 = N2 = 100. (d) Finite-temperature
result for N1 = N2 = 100 with T = 400 mK.
In our modeling, we will set ωs/2pi = 10 GHz and
take g ≪ ωs so that second order perturbation with respect
to the interaction Hamiltonian between the spins and reser-
voir is valid. Using a perturbation approach, we can de-
rive the master equation for the reduced density matrix com-
posed only of the two domains defined by ρS(t) =TrR(W (t))
with W (t) the density matrix for the total system and
TrR representing the operation tracing out the reservoir de-
grees of freedom. Further we will assume that initially
the spin domains and the reservoir are uncorrelated. We
will characterize the reservoir by the density matrix ρR =
exp(−βHR)/(
∫
ddk exp(−βHR)) where HR is the second
term in Eq. (1), β = 1/kBT with kB being Boltzmann con-
stant and T the reservoir temperature. Now from (1), the
master equation using the Born-Markov approximation can be
written as [23]
ρ˙S(t) = −iωs [J
z
1 + J
z
2 , ρS(t)] + γ(n¯+ 1)L(J
−
1 + J
−
2 )
+ γn¯L(J+1 + J
+
2 ), (2)
whereL(A) = 2AρA†−A†Aρ−ρA†A, n¯ = 1/(eβ~ωs−1) is
the Bose-Einstein distribution and γ is the damping rate which
is a function of both the coupling g and |κk|2 at the wave
vector ks (satisfying Eks = ~ωs). Here we take γ = 0.01 Hz.
Now from our master equation (2) the equations of motion for
the expectation values of collective spins are
d
dt
〈Jz1(2)〉 = −2γ(2n¯+ 1)〈J
z
1(2)〉
+
γ
2
(
−N1(2)(N1(2) + 2) + 4〈J
z
1(2)〉
2 − 2〈A12〉
)
,
d
dt
〈A12〉 = −2γ(2n¯+ 1) (〈A12〉 − 4〈J
z
1J
z
2 〉)
+ 2γ (〈Jz1 〉+ 〈J
z
2 〉) (〈A12〉 − 2〈J
z
1J
z
2 〉)
+ γ (N2(N2 + 2)〈J
z
1 〉+N1(N1 + 2)〈J
z
2 〉)
d
dt
〈Jz1J
z
2 〉 = −
1
2
d
dt
〈A12〉, (3)
where A12 = J+1 J
−
2 + J
−
1 J
+
2 . Further in order to derive Eq.
(3), we have used the approximation [24]
〈(Jzi )
2〉 ≈ 〈Jzi 〉
2, 〈Jzi (J
z
j )
2〉 ≈ 〈Jzi J
z
j 〉〈J
z
j 〉,
〈Jzi J
±
i J
∓
j 〉 ≈ 〈J
±
i J
∓
j 〉〈J
z
i 〉 ± 〈J
±
i J
∓
j 〉, (4)
〈J±i J
z
i J
∓
j 〉 ≈ 〈J
±
i J
∓
j 〉〈J
z
i 〉,
with i, j = 1, 2 (i 6= j). The collective spin relaxations in
the double spin domain system are described by four dynami-
cal variables: 〈Jz1 〉, 〈Jz2 〉, 〈A12〉, and 〈Jz1 Jz2 〉. 〈A12〉 describes
the spin flip-flop between the two domains and its dynamics
may be identified with that of the correlation between the Jz1
and Jz2 as seen in (3). Let us now analyze the relaxation pro-
cesses under the various conditions in terms of the initial spin-
domain configuration and domain numbers N1 and N2.
Collective Spin Relaxations.— We present in Figs. 2-5 our
results for the relaxation processes for different conditions.
3Here we mainly focus on such relaxations under an antiparal-
lel configuration initial state
|SDAP〉 = | ↑ . . . ↑〉D1 ⊗ | ↓ . . . ↓〉D2 . (5)
To understand the essence of these spin relaxation processes
clearly, we focus on the steady state behavior and the relax-
ation times for each domain. In the case of the balanced sys-
tem, that is, domains of equal spin size, the results shown in
Fig. 2 indicate that starting with the antiparallel configuration
(5) the relaxation process for each domain are similar, decay-
ing to the steady state with the same 〈Jzi 〉i=1,2. The average
number of excitations at the steady state is dependent on both
the domain size Ni and of course the reservoir temperature.
Here, the red curves are the relaxation processes for the first
domainD1 while blue curves are those for second domainD2.
As a comparison, the green curve shows the decay process un-
der the parallel configuration initial state defined by
|SDP〉 = | ↑ . . . ↑〉D1 ⊗ | ↑ . . . ↑〉D2 . (6)
As both this initial state (6) and the Hamiltonian (1) satisfy the
symmetry of SU(2) for the total collective spin, the total state
decays on the symmetric subspace. In this case, the collective
effect of the decay, i.e. superradiant, is most prominent. This
superradiant effect would be more visible when the spin size
gets larger, which is numerically shown in the difference be-
tween (a) for N1 = N2 = 10 and (c) for N1 = N2 = 100
in Fig. 2 (The relaxation in a finite temperature as shown in
(b) and (d) exhibit a similar behavior.) To determine the de-
pendency of the relaxation time τN for the antiparalell config-
uration (5) on the domain size, we plot τN in Fig. 3 versus
N = N1 = N2 for both zero (a) and a finite (b) temperature.
N was varied between 100 - 1000. Curve fitting to these data
points shows τN has the form a/N + b, a clear signature of
superradiant decay [18].
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FIG. 3. Plot of the relaxation time τN for the initial configuration (5)
as a function of domain size N for zero (a) and finite (b) temperature.
Curve fitting indicates a functional form for τN ∼ a/N + b with
a = 4125.85, b = 8.51 for (a) a = 2756.58, b = 7.84 for (b). The
1/N dependence is a clear signature of superradiant decay.
The steady state of the antiparalell configuration for each
domain contains more excitations than the parallel configu-
ration case. This is due to the smaller spin size for the each
domain (N1,2 < N1+N2) and the violation of the SU(2) sym-
metry at the initial time of the dynamics. We can always write
the antiparallel configuration as a sum of a symmetric sub-
space component and an non-symmetric subspace component.
The symmetric subspace component decays like in the paral-
lel configuration case, however the non-symmetric subspace
component decays differently. This will be illustrated in more
detail next when we discuss the unbalanced case N1 6= N2.
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FIG. 4. Plot of the collective spin relaxations for various unbalanced
number configurations (N1 > N2) at zero and finite (400mK) tem-
perature. The configuration considered are N1 = 2, N2 = 1 at zero
(a) and finite (b) temperature, N1 = 5, N2 = 1 at zero (c) and finite
(d) temperature, and N1 = 10, N2 = 1 at zero (e) and finite (f) tem-
perature. The red curves, blue curves, and green curves represents
〈Jz1 〉, 〈J
z
2 〉, and 〈Jz1 〉 + 〈Jz2 〉, respectively. Jz1,min (Jz2,max) are the
steady-state solution for Jz1(2).
In Fig. 4 we plot the expectation values 〈Jz1 〉 (red), 〈Jz2 〉
(blue), and 〈Jz1 〉+〈Jz2 〉 (green) for various unbalanced config-
uration N1 > N2 with N1 = 2, 5, 10 and N2 = 1 at both zero
and finite (400mK) temperature. In these unbalanced spin size
cases, the smallest domain D2 shows completely different re-
laxation compared to the larger domain D1. In fact, although
D2 was initialized in the ground state of the domain as given
by (5), this subsystem relaxed into more highly excited states
(even at zero temperature). More interestingly, (c) and (d) for
N1 = 5, N2 = 1 show that the second domain decays to a
steady state at an effective negative temperature (the popula-
tion is greater than 50%). In fact, the steady state of the second
domain gradually gets closer to an almost fully excited state
when the system size gets larger. This tendency can be seen
from (c) and (e) (or (d) and (f)). To illustrate this point fur-
ther, we plot in Fig. 5 the relaxation process for N1 = 104
with N2 = 102 at zero-temperature. It can be clearly seen
that in the steady state the second domain is approaching the
fully excited state, despite superradiant relaxation of the first
4domain leading it to its ground state with Jz1 ∼ −N1/2.
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FIG. 5. Plot of the collective spin relaxations 〈Jz1 〉 (red), 〈Jz2 〉 for
the unbalanced configuration at zero-temperature with (a) N1 = 104
and (b) N2 = 102.
The relaxation to a negative temperature state occurs even
when the second domain is initially in its ground state with
no excitation. It is interesting that this can be seen even in
a system as small as several spins, though this may appear
rather counter intuitive. However we need to remember sev-
eral things: first and foremost is that we have an energy ex-
change coupling to the reservoir and so at zero temperature
the decay to a negative temperature is not due to the energy
flow for the first domain to the second domain via the reser-
voir. Second this is not a direct effect from the subradient
states of the total system. The initial states we considered are
not subradient states, which do not decay with the coupling to
the reservoir, and if a subradient state was prepared, the sys-
tem should be effectively decoupled to the reservoir. There-
fore this behavior must be a result of the collective decay of
the total spin system.
Let us explore this decay characteristics of the collective
coupling even with a small system considered of N1 =
5, N2 = 1. With an initial state | ↑1 . . . ↑5〉D1 ⊗ | ↓6〉D2 ,
we need to consider two manifolds of the total system: that is,
the symmetric subspace of the spin size (N1 +N2)/2 and the
second subspace of the spin size (N1+N2−2)/2. The dynam-
ics conserves the spin size, these two subspaces are enough to
represent the system through the entire dynamics, and there is
no transfer of the population between these subspaces. The
initial component in each manifold decays via the coupling to
the reservoir, hence the component on the symmetric mani-
fold will decay to the ground state | ↓1 . . . ↓6〉. Similarly the
component on the second manifold will decay to its ground
state. The decay process is confined in each subspace and
hence gives the steady states the excitations in the second do-
main. This mechanism of collective decay also may generate
entanglement between the two domains at the steady state,
even though the initial state is separable.
Discussion and Conclusion.— In this letter, we have inves-
tigated collective spin relaxation processes in a double spin-
domain system where all spins in the two domains are col-
lectively coupled to a bosonic reservoir such as the Nambu-
Goldstone (NG) mode in electron spin systems. The dynam-
ics of the total system of course shows superradiant decay.
Although the initial states we choose were not optimal to ob-
serve the supreradiant decay, they were sufficient to demon-
strate its nature and more importantly are easier to experimen-
tally realize. When the two domains are not balanced and the
unbalance is large enough, we may see the relaxation to a neg-
ative temperature. This decay behavior appears more promi-
nent when the size difference becomes large.
The model we discussed in this letter should be able to be
implemented in various physical systems, but importantly the
decay to negative temperatures needs to be observed in time
scales shorter than the spin dephasing time. One possible real-
ization is with a nuclear spin ensemble in GaAs semiconduc-
tors coupled with the NG mode as a low-frequency electron
spin fluctuation [20, 21]. Here the spin dynamics in quan-
tum dots and the quantum Hall regime has been extensively
investigated [13, 25–27]. It is known that the total system of
a nuclear spin ensemble and the NG mode can be described
by the Dicke model (1) [22]. The nuclear spins can be polar-
ized initially by the dynamic nuclear polarization [25–30], but
may not be fully polarized in one direction, which would lead
to more than a single domain coupled to the NG mode.
Finally our analysis also indicates that one should be care-
ful when ignoring systems coupled to reservoir. Usually we
assume ancillary systems coupled only to the reservoir can be
ignored, however as our analysis showed, when there are other
systems equally coupled to the same reservoir, they can affect
the system of interest significantly and fundamentally. Even
the temperature of the shared reservoir is fixed, one needs to
be careful to define temperature for the system at hand, as
we have seen, the temperature of each domain appears to be
different. These effects are much more prominent with the
shared reservoir in comparison to the dynamics seen in the
systems coupled with independent reservoirs. The case of
shared reservoir, the physical properties of the steady state,
such as temperature and entanglement, is highly dependent
on the initial state of the total system, which might include
ancillary systems hidden in the reservoir coupled with it in
the same way. In particular, when a small domain is imbed-
ded into a larger domain, a local hot spot might appear as the
result of the spin relaxation.
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